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We discuss the critical behavior of the spin-(l, i) Heisenberg ferrimagnetic chain in a magnetic 
field, whose magnetization curve exhibits a plateau at a third of the full magnetization. A bond 
alternation stabilizes the massive state, whereas an exchange anisotropy causes the breakdown of 
the plateau and the onset of a gapless spin-fluid state, where the transition, lying in the XY but 
ferromagnetic region, is of Kosterlitz-Thouless type. In order to elucidate significant quantum effects, 
we investigate the model of classical version as well. 
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I. INTRODUCTION 



Ground-state magnetization curves of quantum spin 
chains have been attracting much current interest 
due to their quantized plateaux as functions of a 
magnetic field. Several years ago Hida § re- 
vealed that a spin-i ferromagnetic-antiferromagnetic- 
antiferromagnetic trimerized chain exhibits a plateau in 
its magnetization curve at a third of the full magneti- 
zation. Although it was already familiar that, in the 
presence of a field, integer-spin Heisenberg antiferromag- 
netic chains remain massive from zero field up to a crit- 
ical field [Q, yet the magnetization plateau at a frac- 
tional value of the full magnetization was still met with 
a surprise. Since then various low-dimensional quan- 
tum spin systems in a field have been investigated, in- 
cluding polymerized spin chains |^-^, spin chains with 
anisotropy or four-spin exchange coupling | pO{ , and 
decorated spin ladders [|l[|l^]. Experimental observa- 
tions 1 14 1^ of quantized magnetization plateaux have 
also been reported. In such circumstances, generalizing 
the Lieb-Schultz-Mattis theorem [n6 17|, Oshikawa, Ya- 



manaka, and Affleck (OYA) |]18[ found a criterion for the 
fractional quantization. They pointed out that quantized 
plateaux in magnetization curves may appear under the 
condition 



^unit 



TO = integer , 



(1.1) 



where Sunit is the sum of spins over all sites in the unit 
period and m is the magnetization M divided by the 
number of the unit cells. 

Mixed-spin chains are the system of all others that 
stimulates us in this context. There exists a large 
amount of chemical knowledge ||l9[| on quantum fer- 
rimagnets. In an attempt to realize a quasi-one- 
dimensional ferrimagnetic system, Gleizes and Verda- 
guer ||2^ synthesized a few bimetallic compounds such 
as AMn(S2C202)2(H20)3-4.5H20 (A = Cu, Ni, Pd, Pt). 



Then numerous chemical explorations |^,^ followed 
and various examples of a ferrimagnetic one-dimensional 
compound were systematically obtained. The vigorous 
experimental research motivated theoretical investiga- 
tions into Heisenberg ferrimagnets. Drillon et al. l23] 
pioneeringly carried out numerical diagonalizations of 
spin- (5, \ ) Heisenberg Hamiltonians for S* = 1 to | and 
revealed typical thermodynamic properties of ferrimag- 
netic mixed-spin chains. In recent years, quantum ferri- 
magnets have met with further theoretical understand- 
ing |^-|^ owinj 
and spin- wave Il25| 



to various tools such as field [p4 34 



theories, matrix-product for 



29|,p2| and 




malism [P7y28[, and quantum Monte Carlo |2' 
density-matrix renormalization-group |£5 
niques. In particular, their mixed nature, showing 
ferromagnetic and antiferromagnetic aspects 
lately attracted considerable attention. 

However, little is known about quantum ferrimagnetic 
behavior in a magnetic field |p7|| , especially about mag- 
netization curves pT[ |. Although anisotropy is an inter- 
esting and important factor from an experimental point 
of view, there exist few arguments on anisotropic mod- 
els in a field. Now, considering the OYA argument and 
the accumulated chemical knowledge on ferrimagnetic 
compounds, the magnetization process of realistic mixed- 
spin-chain models arouses our interest all the more and 
indeed deserves urgent communication. In an attempt to 
serve as guides for further experimental study, we here 
consider an alignment of alternating spins S and s in a 
field, as described by the Hamiltonian 

N 

(1.2) 

where {S ■ s)^ = S'"=s^ + S'^'s?' + aS'^s^ We note that 
even the bond alternation 6 is now experimentally ad- 
justable According to the OYA criterion (1.1), as 
H increases from zero to the saturation field 



1 



(1.3) 



and vanishes in the ferromagnetic region. The transition 
is of KosterUtz-Thouless (KT) type and a gapless 
spin-fluid phase appears instead. 



the model (1.2) may exhibit quantized plateaux at : 



1 

2 

(1), I (2), • • •, 5 + s — 1. Though a multi-plateau problem 
is a fascinating subject, we restrict our argument to the 
simplest case of (S*, s) — (1, ^) in the following. This is, 
on the one hand, because we at first aim at understanding 
the typical and essential behavior of quantum ferrimag- 
nets in a field, and, on the oth er h and, because the low- 
energy structure of the model ( |l.2| ) remains qualitatively 
the same [|^^ as long as 5 / s. Then, a plateau is 
expected at m — i. At the Hc isenberg point, the ground 
state of the Hamiltonian (L2) without field is a multi- 
plet of spin N/2 The ferromagnetic excitations, re- 
ducing the ground-state magnetization, exhibit a gapless 
dispersion relation, whereas the antiferromagnetic ones, 
enhancing the ground-state magnetization, are gapped 
from the ground state p3|. Therefore, at the isotropic 
point, m jumps up to |~just as a field is applied and 
forms a plateau for Hd < H < Hc2 [0, where TJ^i and 
Hc2 are the lower and upper critical fields, equal to and 
the antiferromagnetic gap, respectively. 




(a) a > 1 
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FIG. 1. Schematic view of the low-energy structure of the 
spin-(l, I) quantum ferrimagnetic chain with anisotropic ex- 
change coupling near the Heisenberg point a = 1: (a) the 
Ising region a > 1 and (b) the XY region a < 1. 



In the presence of exchange anisotropy, the above ar- 
gument should be modified, where the (TV -I- l)-fold de- 
generate ground-state multiplet splits [ p4pC| ], as illus- 
trated in Fig. |l|. In the Ising region, the ground state 
is a doublet of M — ±N/2 and therefore Hci remains 
0. As a increases, iJc2 comes to be given as (1 -I- S)a 
and the magnetization curve ends up with a trivial step. 
Thus we take little interest in this region. In the XY 
region, on the other hand, the ground state is a singlet 
of M = 0. Now Hci moves away from and the plateau 
shrinks as a decreases (see Fig. |] below) . Here arises 
a stimulative problem: how stable the plateau is against 
the anisotropy and what comes over the plateau phase? 
In this article, we demonstrate that the plateau survives 
the XY anisotropy in the entire antiferromagnetic region 



FIG. 2. The ground-state magnetization curves for the 
quantum Hamiltonian (1.2) at various values of a: (a.) S — 1 
and (b) 5 = 0.6. 
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FIG. 3. (a) Scaled quantity NAn versus a at 5 = 1 and 
S = 0.6. (b) The central charge c and the critical exponent rj 
versus a in the vicinity of the phase boundary at 5 = 1 and 
S = 0.6. 
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phase boundary is also shown in Fig. |j by a dotted 
Una, which is somewhat discrepant from the highly accu- 
rate estimate based on rj. The PRG equation applied to 
gapful-to-gapful phase transitions yields an accurate so- 
lution, to be sure, but, for transitions to a gapless phase, 
including those of KT type, the PRG analysis is likely 
to miss the correct solution due to essential corrections 



respectively. It is quantum fluctuations that stabilize the 
plateau with unsaturated sublattice magnetizations. 



to the scaling law (2.3), overestimating the gapful-phase 
region Q,^. The present PRG solution may still be 
recognized as the lower boundary of ac- 




FIG. 5. The ground-state magnetization curves for the 
classical Hamiltonian (1.2) with 5 = 1 at various values of 
a. 



III. SUBLATTICE MAGNETIZATIONS 

In an attempt to elucidate how much effect quantum 
fluctuations have on the stability of the plateau, we inves- 
tigate the Hamiltonian (L2) of classical version as well, 
where Sj and Sj are classical vectors of magnitude 1 and 
respectively. We show in Fig. || the classical mag- 



netization curves. We note that the classical model also 
exhibits a plateau at to = i. The magnetization curves 
in the Ising region are not so far from the quantum behav- 
ior, though we have not shown them explicitly. However, 
the classical plateau can hardly stand the anisotropy of 
XY type. In this context, it is interesting to observe sub- 
lattice magnetizations separately. We show in Fig. ^ the 
configuration of each classical spin as a function of a field. 
The classical plateau is nothing but a Neel-ordered state. 
In other words, without the fully ordered staggered mag- 
netization, classical spins could not form a magnetization 
plateau. On the other hand. Fig. Q shows that quantum 
spins can form a magnetization plateau with any combi- 
nation of sublattice magnetizations. It is the case with 
the quantum model as well that sublattice magnetiza- 
tions themselves freeze while going through the plateau. 
However, as long as the XY exchange interaction exists, 
they are in general reduced from the full values 1 and — i, 



0.5 




FIG. 6. The ground-state sublattice magnetizations per 
unit cell as functions of a field for the classical Hamiltonian 
(1.2) with 5 — 1 at various values of a: (a) the larger spin 
S — 1 and (b) the smaller spin i . 
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FIG. 7. The ground-state sublattice magnetizations per 
unit cell as functions of a field for the quantum Hamiltonian 
(1.2) with S — 1 at various values of a: (a) the larger spin 
5=1 and (b) the smaller spin |. 



One more interesting observation on the quantum spin 
configuration is that the collapse of the staggered order 
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where A'occ is the number of occupied states, we are al- 
lowed to expect magnetization plateaux at m = ±i. The 
inclusion of the bond alternation S results in the enhance- 
ment of the gap, which is consistent with Fig. |^. Qualita- 
tively the same scenario is available for a ferromagnetic- 
ferromagnetic-antiferromagnetic trimerized chain, as was 
pointed out by two pioneering authors |^,^. The 
present analysis is not strictly comparable to the orig- 
inal argument unless a = 1. However, the nonvanishing 
gap in the 7 — > cx) limit may be a qualitative evidence 
for the existenc e of the plateau at the XY point in the 
original model ( |l.2| ). We further show in Fig. || the sub- 
lattice magnetizations in the ground state of the replica 
model with a = as functions of a field at a few values 
of 7 > 1. We are convinced all the more that the Neel 
order has already disappeared and both the spins 1 and 
^ have the same-sign z components at the XY point. 

In recent years, a massive-to-spin-fluid phase transi- 
tion of KT type has been given a great deal of attention 
pO|-^ in the context of Haldane's conjecture In such 
cases the critical point never goes beyond the XY point. 
The magnetization plateau in our argument should be 
distinguished from the gap immediately above the ground 
state, to be sure, but, compared with Haldane's scenario 
, the present observation looks novel and is fascinat- 
ing to be further studied. There may be a new mass- 
generation mechanism peculiar to quantum mixed-spin 
chains, other than the valence-bond picture ||5^. Quite 
recently Okamoto and Kitazawa have reported that 
the magnetization plateau of the spin-i trimerized chain 
which is closely related with the present model also disap- 
pears in the XY ferromagnetic region. We hope that our 
investigation, combined with such an argument from a 
different viewpoint, will contribute toward revealing the 
possibly novel scenario for the breakdown of quantized 
plateaux. 
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TABLE I. The antiferromagnetic excitation gap zi as a 
function of S at the Heisenberg point a — 1. 



s 


1 


0.8 


0.6 


0.4 


0.2 





A 


1.7591 


1.6042 


1.4986 


1.4500 


1.4558 


3 
2 
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